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1. Introduction

Joint intentions have recently become an increasingly important topic in vari-
ous �elds. Intentional joint action, especially cooperation, among autonomous
agents is not even conceptually possible without joint intention. Philosophers
have previously analyzed joint intentions and related notions (Bratman 1993),
(Searle 1990), (Tuomela 1984), (Tuomela and Miller 1988), (Tuomela 1995).
Even if some technical work on single-agent actions and intentions has been
done earlier, the formal modelling of joint intentions has started only recent-
ly (Levesque, Cohen and Nunes 1990), (Rao, George� and Sonenberg, 1992),
(Wooldridge and Jennings, 1994). While the philosophical accounts have made
progress in bringing out the essential features of joint intention in a natural lan-
guage setting, the formal accounts, while of course more precise, have mainly
been restricted to simple, strongly idealized aspects of joint intention.

We will begin with Tuomela's analysis of joint intention (Tuomela 1995).1

This analysis has the advantage of emphasizing the notion of an actor's intention

1There are weaker notions of collective intention, but we shall not discuss them in this
paper.
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to perform his part of a joint action as a key notion in the concept of joint
intention { a feature crucial for formal analysis but largely absent in other
approaches.

Our �rst main goal is to formalize Tuomela's basic notion of a plan-based
joint intention { which is the most central notion for Computer applications {
for the special case of completely speci�ed plans. We aim at a simpli�cation
of Tuomela's2 two-tier account which characterizes joint intentions essential-
ly in terms of the individuals' we-intentions. This is achieved by adding some
weak, natural assumptions on intentions and beliefs on the basis of which we
can break down we-intentions to their constituent clauses. This is not meant to
indicate, however, that joint inten tions may be conceptually reduced to indi-
vidual intentions and beliefs. It Secms that conceptual reduction is not possible,
primarily due to the notion of a part of a joint action. Though there is a concep-
tual connection between the concept of the intention to perform one's part of a
joint action and the concept of the joint intention to perform the joint action,
ontically nothing over and above individuals and their interrelations is needed.

Our second main goal is to use the precise characterization of plan-based
joint in tentions in Order to investigate how the presence of joint intentions
can be checked. In Sec. 5 we give the �rst such analysis for the case of joint
intentions based on completely speci�ed plans. Checking the presence of joint
intentions is an essential ingredient of Cooperation and teamwork and thus is of
utmost importance, both theoretically as well as for practical application, say,
in communities of robots. Our results in Sec. 5 may be used as a speci�cation
for the development of programs which check the presence of joint intentions on
the basis of individual beliefs, inten tions, causality, and meaning relations.

The present account di�ers from each of the three formal approaches men-
tioned above. First, while our account focusses on the notion of a given plan
none of the other formal approaches uses plans as a central ingredient?3 Second,
reference to a plan provides formal access to the notion of `a person's part' of a
joint action which is missing in the other approaches, but central in the present
one. Third, the mentioned authors all work with a possible world semantics in-
cluding elements of a logic of time. At the present stage, however, we do not
want to settle on a particular modal logic. Rather, we want to be free to consider
di�erent such logics and study their bearing on how joint intentions are checked
and are built up. As the present analysis does not go to the full depth of the-
orem proving, and also for reasons of simplicity we do not explicitly introduce
a possible worlds frame.4 With an appropriate choice of a logic our de�nition
of models with joint intention (D6) could be, we think, incorporated in a full
possible worlds account. This would not by itself, however, solve the problems
arising when time is made explicit. In view of Sec. 5 these problems are far
from trivial, and cannot be addressed here. In particular, we have nothing to

2There are weaker notions of collective intention, but we shall not discuss them in this
paper.

3Tuomela's and Bratman's informal analyses use the notions of plans and subplans, though.
4The axioms (A1), (A2), (A3), (A5) in Sec. 4 thus are adopted in a somewhat `eclectic'

way without modal logical backing.
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say here about the persistence of (joint) intentions. Finally, in (Levesque, Co-
hen and Nunes 1990) and (Wooldridge and Jennings 1994) individual intentions
are analyzed according to Cohen and Levesque's by now well known formula
`intention is choice with commitment', and stress is laid on commitment such
that individual intentions are mainly represented by individual commitments.
Our account, taking individual intentions.5

We start in Sec. 2 by restating and formalizing the de�nitions from (Tuomela
1995). In Sec. 3 we describe a formal framework tailored for the analysis of joint
intentions. In Sec. 4 we look more closely into the relations of intentions, beliefs
and mutual beliefs which leads to some simpli�cation of the de�nitions of Sec.
2, and present the �nal formal de�nition of plan based-joint intention. In Sec.
5, we use this de�nition for a �rst analysis of how to check the presence of joint
intentions.

2. The General Notion of Joint Intention

We base our analysis on previous work presented in (Tuomela 1995) but here we
will concentrate on `actual' we-intentions directed at a joint action, as contrasted
with other forms, like standing we-intentions or we-intentions to bring about a
future state.6 Also, we will suppress a number of di�erentiations present in
Tuomela's original account.

Consider a set I = ft1; :::; ing of individuals each of which is endowed with
the capability of believing and intending. The content of an individual's belief
or intention is expressed by means of a proposition. We use the expressions
`individual i believes that a'7 and `individual i intends to do a' in which p and
a respectively denote a suitable proposition expressing the content of i's belief
and the action intended. The content of the joint action which the individuals
jointly intend to do also can be described by a proposition. In this paper we will

5The issue of `persistency' of intentions and joint intentions thus remains implicit. Whether
and how Cohen and Levesque's explicit account of that issue can be added to the present,
plan-based approach, is an open question at the moment. Other accounts of joint intention
(especially philosophical ones) are discussed in (Tuomela 1995). As the approach of this paper
is formal rather than conceptual and as the extant philosophical accounts are non-formal it
is not important here to discuss them. The central elements that distinguish our approach
conceptually from accounts of e.g. (Bratman 1993) and (Searle 1990) accounts are that { in
contrast to them { we are here analyzing plan-based (or, as one can arguably equivalently
say, agreement-based) joint intentions and use the notion of intending to do one's part of a
joint action (or plan) as a key concept. Our notion of a plan-based joint intention is a strong
notion of joint intention. There are viable weaker notions, but they will not be discussed in
the present paper. The only other analysis making use of the notion of a joint or shared plan
of action that we are aware of is the formal account by (Rao, George� and Sonenberg 1992).
They do not either make serious use of the notion of one's intention to perform one's part of a
joint action. As their approach using possible worlds semantics is formally very di�erent, we
cannot here make comparisons with their account. We cannot either here comment in detail
any other formal accounts within AI { all of such accounts we are aware of also use possible
worlds semantics.

6For a full analysis including standing we-intentions, see (Tuomela 1995), especially Chap.
3.

7`Belief' may also refer to a disposition to acquire a belief, cf. (Audi 1982).
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assume that the joint action is already decomposed such that for each individual
there is a unique, agreed-upon `part' of the joint action which that individual
has to perform as an individual action.8 We therefore can speak about `the'
part which each individual has to perform, `his' or `her' part of the joint action.
We understand this decorn- position such that it belongs to a person's part to
inform the other actors when he has done his part, when he comes to believe
that it is impossible to do it, or when he �nds that some presupposition of the
whole enterprise is no longer satis�ed.

In (Tuomela 1995), the de�nition of `individuals i1; :::; in' have the joint
intention to perform a joint action w' is stated in two steps. First, individual
we-intentions are characterized by (WI) below, and second, these are used to
dehne joint intentions in (JI) below, (J1-iii) being treated as an underlying
condition.

(WI) A member i of I we-intends to do w i�, based on an agreement to
perform w jointly made by the members of I;
(i) i intends to do his part of w;
(ii) i has a belief to the e�ect that the joint action opportunities for an

intentional performance of w will obtain;
(iii) i believes that there is mutual belief among the members of I to the

e�ect that the joint action opportunities for an intentional performance
of w will obtain.

(JI) Individuals i1; :::; in have the joint intention to perform the joint

action w i�
(i) each i�; � 2 f1; :::; ng, we-intends to do w;
(ii) there is mutual belief in I to the e�ect that (i).
(iii) for each � 2 f1; :::; ng (WI-i) holds for i� in part because of (WI-ii)

and (WI-iii).

It is required that the beliefs (WI-ii) and (WI-iii) not be idle: the agent can-
not intend to perform his part somehow `accidentally' without its being based
on (WI-ii) and (WI-iii). This is expressed in (JI-iii).

When there is a joint intention in I, then at the individual level each indi-
vidual has the individual intention to perform her part. This intention implies
the person's commitment to do her part, and, as the `part' is conceived by the
individual as being part of a joint action, also implies that the individual is
committed to the joint action (although he of course is not committed to per-
form it alone by his action). Joint intentions involve joint commitments toward
a joint action. A joint action is something that does not come about before all
the participants have done their parts (in some cases a part need not involve
any actual performance of anything). After they have done their parts the joint
action comes about provided that `the world cooperates' (viz. there are no exter-
nal obstacles). A joint action has the character that if it is performed (or comes
about or the `action predicate is satis�ed') then it is performed or `satis�ed' for

8In general, this decomposition is one of the most di�cult features of the notion of joint
action.
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all the participants.9 Accordingly, the participants are jointly committed to the
joint action until it has been performed by them or some escape clause applies
(for instance, they come to mutually believe that the joint action is impossible).
If that commitment is carried out or is ful�lled for one of the participants it is
ful�lled for all (collectively taken) and for everyone. Thus one is committed not
only to perform one's preassigned part but also to `follow up' the situation until
the joint action has been performed (or the mentioned kind of escape clause ap-
plies), and the joint commitment entails the prima facie commitment to helping
others to perform their parts of the joint action if needed.

Suppose Mary and John have agreed to clean their backyard jointly on Mon-
day night. As a consequence they have the joint intention to do it. Each of them
has the intention to do his (or her) part of the joint cleaning. They may have
agreed on their parts in advance or left it for the occasion. Each of them is com-
mitted to the joint cleaning, indeed to the yard's becoming clean and to their
cleaning it jointly. We can speak of a joint commitment here: Mary and John are
both committed to the joint project and { hence { to performing their parts of
it and to helping each other if needed. Their intentions to perform their parts of
the joint project of course must be based on their mutual, communication-based
understanding of the Situation in question: This involves that they share the
joint plan (and joint intention) to clean the backyard on Monday night. Thus
their intentions to perform their parts rely on their beliefs that the joint action
opportunities will obtain and they must believe that these beliefs are shared,
viz. that there is a mutual belief among them that the joint action opportu-
nities concerning backyard cleaning obtain. Clauses (ii) and (iii) of (WI) must
accordingly obtain in addition to the obvious requirement , and (i) must in part
be grounded on (ii) and (iii) in Order not to be idle or (i) accidental.

In this paper we will deal with the special case of plan-based joint intentions.
For this special case we will now formalize the above de�nitions. In (Tuomela
1995), it is argued that plan-based joint intention is at least extensionally equiv-
alent to agreement- based joint intention. We therefore need not attempt to spell
out the meaning of the phrase `based on an agreement to perform w jointly made
by the members of I' used in (WI).

Plans are related to the notions used in the above de�nitions in two ways.
First, for each plan p there is a speci�cation of its parts which can be performed
by single individuals. This speci�cation we capture by a partial function hispart
expressing that in plan p action a is individual i's part. We write hispart(i; p) =
a (`hispart of i in p is a' in the jargon of computer applicants). If i has no role
to play in p then hispart is not de�ned for the pair hi; pi. With respect to a,
possibly large, set I of individuals and a given plan p, hispart may be used
to determine those individuals which are involved in the plan p. Individual i is
involved in plan p i� hispart(i; p) is de�ned. We assume that a fully speci�c plan
contains fully speci�c `stopping conditions' or revocability conditions. Whenever
an individual action implies the success or the failure of the joint action the
plan speci�es a corresponding reaction (for instance, an Information) on the

9Cf. (Tuomela 1996).
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individual's side as part of that individual's hispart. Moreover, it cannot be
overemphasized that hispart is not a notion referring only to one individual.
Even purely syntactically, hispart refers to plan p which is an entity involving
many individuals. Consequently, as already noted, an individual intention to do
hispart(i; p0) may well be related in its content to the joint plan.

Second, in connection with the joint action opportunities we will have to
express that an individual i believes a plan p to be feasible: `i believes that p
is feasible'. This yields a simple way to deal with the phrase `the joint action
opportunities obtain' used in the above de�nitions when the joint action is
speci�ed by a plan. In this case, the phrase means `the joint action opportunities
for plan p obtain', which means nothing eise than `p is feasible'. Thus, `i believes
that the joint action opportunities for p obtain' becomes `i believes that p is
feasible'. Our assuming a fully speci�c plan here amounts to the idealization
that all conditions required for the joint action are satis�ed. We thus can avoid
relativization to `the right conditions', which is crucial in general. In this section
we take the notion of a joint plan as primitive; its de�nition is postponed to
Sec. 3 below.10

In order to express clause (WI-vi) above we use a notion of precondition as
a binary relation among propositions writing precon(�;�0) to express that the
event represented by proposition � is a precondition of the event represented
by proposition �0. This relation we take to hold in the sense of counterfactual
implication: precon(�;�0) means that if �0 were the case then � also would be
the case.11

The above de�nitions refer to mutual beliefs, so we have to dehne the ex-
pression mubel(I;�): `among the members of I there is mutual belief that �0.
We do this in the standard, iterative way but for reasons of simplicity we cut
o� iteration after two steps. Though we believe there are good reasons for in-
cluding at least a third iteration even in practical applications, we suppress this
because it does not pose any new formal problems as compared to the two step
iteration, and because three steps in Sec. 3 below will lead to some quite lengthy
formulas.12

D1 For a set I of individuals and a proposition � we say that in I there is

mutual belief that �, or mubel(I:�), i�
(1) for all k 2 I: bel(k;�)
(2) for all kl;2 I: bel(k; bel(l;�)).

We thus arrive at the following list of primitive expressions: bel(i;�); int(i; a),
precon(�;�0);mubel(I;�); jointplan(p); hispart(i; p) = a, and bel(i; feas(p))
with i;�;�0; a; p; I standing, respectively, for: individuals, propositions, actions,
plans and sets of individuals, in terms of which (WI) and (Jl) can be formalized
as follows.

10Compare (Sandu and Tuomela 1996) for an account of joint action and group action.
11Compare (Lewis 1973) for an analysis of counterfactuals.
12As this paper concentrates on the application aspects the `�xed point' de�nition of mutual

believes as used, e.g., in (Colombetti 1993) and (Rao, George� and Sonenberg 1992) will be
avoided.
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(WI�) Let I be a set of individuals, k 2 I, and let p be a joint plan.
k we-intends p wrt. I, or simply: we-intends(k; p; I) i�
(1) int(k; hispart(k; p))
(2) bel(k; feas(p))
(3) bel(k;mubel(I; feas(p))).

(JI�) Let I = fi1; :::; ing be a �nite set of individuals and p be a joint plan.
fi1; :::; ing have the plan-based joint intention to carry out p i�
(1) for all k: k 2 I $ hk; pi 2 Dom(hispart)
(2) for all k 2 I: we-intends(k; p; I)
(3) mubel(I;8k 2 I(we-intends(k; p; I)))
(4) for all k 2 I(precon(bel(k;mubel(l; feas(p))) ^ bel(k; feas(p)) ^
int(k; hispart(k; p)))).

3. A Formal Frame

We will now describe a `minimal' formal framework13 in which (JI�) can be
restated in a fully explicit way. In doing so we will deviate from the widely used
possi- ble world constructions and develop a setting which is `non-standard'
insofar as it contains a set of syntactical entities S { a set of sentences { as a
component of the semantical structures. On the one hand, this greatly simpli�es
the formalism. On the other hand we think it is more natural { and in social sci-
ence ultimately unavoidable { to include relations expressing a person's belief in
a sentence (and other similar relations) directly in the structures and models.14

Sentences are used to represent both actions and the contents of intentions.
We keep a formal distinction, however, between those sentences representing
the actions which are of interest here, and `ordinary' sentences as de�ned in D3
below. Theoretically, this distinction prevents our formal system from becoming
highly circular; without it the System would allow for quanti�cation over formal
sentences. For practical applications, the distinction provides a well speci�ed
environment for `plugging in' systems of action categories.15 Such systems can be
`superimposed' on the structure hA;�;:i used in D4-4 below which represents
the proper actions as performed by the individuals pursuing a plan. Thus both
the sets A and S introduced below contain sentences, but only those occurring
in S are formally speci�ed. That elements of A are sentences is left as a matter
for the informal Interpretation of A.

As a device used both in syntactical and semantical construction we intro-
duce the notion of n-construction schemes for n 2 IN.

D2 (a) (1) For all � � n: [�] is an n-construction scheme.
(2) If f; g are n-construction schemes then so are (f k g) and (j;g).

(b) Let J;A be non-empty sets. p is a formal plan16 (in J and A) i� there

13Compare Refs. 11, 14 and 20 for alternative settings.
14Compare Ref. 12 as an alternative.
15Compare, for instance, Refs. 2 and 6 for such Systems.
16This is admittedly a very narrow notion of a plan which is used here only for reasons of

simplicity.
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exist f; i1; :::; in; a1; :::; an such that
(1) f is a n-construction scheme
(2) i1; :::; in 2 J and a1; :::; an 2 A
(3) p = hf; i1; a1; :::; in; ani.

Here k and ; are taken from dynamic logics,17 and in their later application to
actions a; b are read as follows. a k b: `a and b are performed in parallel', a;b
reads: `�rst a, then b'.

D3 The formal language L we need consists of the following:

� a set Var1 of variables of sort 1 (ranging over individuals); syntactical
variables: �; �i

� a set Var2 of variables of sort 2 (ranging over actions), syntactical vari-
ables: �; �0; �i

� the usual logical and auxiliary symbols, including identity and pointed
brackets

� the symbols bel, int, can, pres, com, precon, feas.

From these items we de�ne

� plan expressions: A plan expression is any expression of the form
hf; �1; �1; :::; �n; �ni where f is a n-construction schema

� formulas:
(1) if u; v are variables of the same sort then u = v is a formula
(2) if � is a variable of sort 1 and �; �0 are variables of sort 2 then can(�; �),
com(�; �0), pres(�; �0) and int(�; �) are formulas
(3) for every plan expression e, feas(e) is a formula
(4) if �;�0 are formulas then :�, �^�0;�_�0;�! �0, and �$ �0 are
formulas
(5) if � is a formula and u is a variable of sort 1 or sort 2 then 9u�(u)
and 8u�(u) are formulas
(6) if �;�0 are formulas and � is a variable of sort 1 then bel(�;�) and
precon(�;�0) are formulas.

By S we denote the set of all closed formulas (sentences) of language L.
A plan expression hf; �1; �1; :::; �n; �ni is a schema that will be applied to

sequences hi1; a1; :::; in; ani in which in hi�; a�i expresses that individual can
perform the action a�; � � n. Starting from such a sequence the plan expression
yields a way for successively producing more complex actions in terms of k and
; according to the de�nition of the n-construction scheme f (Sec D5-a below).
The sequence of all these actions plus the way they are put together (as captured
by f), and the explicit list of the actors involved may be taken as a plan of the
most primitive kind.

17Sec, for instance (Harel 1984).
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The meaning of bel, int, precon was already explained in Sec. 2. can is
used to express that an individual actually can perform an action. This term is
interpreted as a strong success notion. When a person intends to do something
and can do it then she will successfully do it, viz. not only try to do it but succeed
in doing it. In a robot, can is simply stored by means of atomic sentences in
the knowledge base, pres is a notion of factual presupposition among actions,
which will be used in the de�nition of feasible plans (D5-b below). pres(�1; �2)
is read `�1 presupposes �2'. We will require that a sequence (a; b) of actions is
feasible in a plan only if b `relies on' a, or presupposes a in a certain, minimal,
factual18 sense. Without this condition there would be no reason to put a and b
in sequential order in the plan. They would be independent, and might as well
be performed in parallel. A slightly weaker Interpretation of `a presupposes b'
is in counterfactual terms: `if a were the case then b would be the case'. In a
similar way the notion of compatibility of actions, represented by com, will serve
to formulate a condition of factual compatibility for the parallel execution of two
actions a; b in a plan (Sec D5-b below). com(�; �0) is read `� and �0 are factually
compatible' in the sense that they both can be performed without hindering
each other or, more precisely, that their conjunction is possible. Finally, feas(e)
expresses that the plan represented by plan expression e is feasible. Feasibility
will be explicitly de�ned in D5-b below.

The structures in which this language may be interpreted are de�ned as fol-
lows.

D4 x is a structure allowing for plan-based joint intentions i� there exist
J;A; S;B;�;:; k; ; ; bel; int; can; pres; com; precon such that
x = hJ;A; S;B;<; jj; ; ; bel; int; can; pres; com; preconi and

(1) J is a non-empty, �nite set (of persons)
(2) A is a non-empty set (of actions)
(3) � � A �A (`implication on conceptual grounds'), and : : A! A is a partial

function (`negation')
(4) hA;�;:i is an atomic poset with negation, and in�ma19

(5) S is the set of all sentences of L as de�ned in D3
(6) B is the set of all formal plans in J and A (Sec D2-b)
(7) k and ; are functions from A�A! A
(8) int � J �A, can � J �A, pres � A�A, com � A�A
(9) bel � J � S, precon � S � S
(10) for all a; b 2 A: if com(a; b) then none of the following hold if

:a respectively :b are de�ned: (a � :b), (b � :a), (:a � b), (:b � a)
(11) for all a; b 2 A: if pres(a; b) then not a � b.

� is interpreted as `implication on conceptual grounds' or `implication in mean-

18`Empirical' or, even better, `factual' as contrasted to `metaphysical' and `conceptual'.
19That is, � is transitive, reexive, and anti-symmetric, for every subset B � A, the in�mum

AB of B with respect to � exists, and : is such that, for all a 2 A: if :a is de�ned then so
is :(:) and (:(:) = a, and for all a; b 2 A: if a � b and :a;:b are de�ned then :b � :a.
0 = _A is then uniquely determined, and for each a 2 A, a 6= 0 there exists an atom b in A

such that b � a. b is an atom i� b 6= 0 and 8c 2 A(0 � c � b! c = 0 or c = b).
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ing'. Action a `implies' another action b, viz. a � b, in this sense if, whenever a
is performed then, by the way language is used, also b is performed. Thus, for
instance, walking implies moving, and kissing implies touching. The negation :a
of a is the action described by the negation of the sentence describing action a.
As not every negated action sentence represents an action, : cannot be de�ned
for all a 2 A.

The same symbols k and ; thus occur in the n-construction schemes and also
are used as operators on actions, but no confusion is likely to arise from this.
All the primitives of language L, except feas, have their obvious counterparts in
a structure x, the counterpart of feas will now be de�ned (in D5-b below). As
auxiliary notions we introduce the complex action f(a1; :::; an) constructed from
given actions a1; :::; an by means of a n-construction scheme (D5-a). Finally, the
notion of hispart is de�ned in D5-c.

D5 Let x = hJ;A; S;B;�;:; k; ; ; bel; int; can; pres; com; preconi be a
structure allowing for plan-based joint intentions.

(a) If f is a n-construction scheme and a1; :::; an 2 A then f(a1; :::; an) is
de�ned as follows.

(1) if f = [�] then f(a1; :::; an) = c
(2) if f = (g k h) then f(a1; :::; an) = (g(a1; :::; an) k h(a1; :::; an))
(3) if f = (g;h) then f(a1; :::; an) = (g(a1; :::; an);h(a1:::; an)).

(b) feas � B is de�ned as follows. Let p = hf; i1; a1; :::; in; ani 2 B.
(1) if f = [�] then feas(p) i� can(i�; a�)
(2) if f = (g k h) then feas(p) i� feas(g; i1; a1; :::; in; an) ^

feas(h; i1; a1; :::; in; an)) ^ com(g(a1; :::; an); h(ai; :::; an))
(3) if f = (g;h) then feas(p) i� feas(g; i1; a1; :::; in; an) ^

feas(h(a; i1; a1; :::; in; an)) ^ pres(h(a1; :::; an); g(a1; :::; an))

(c) hispart : J �B ! A is de�ned as follows. For all i; b and
p = hf; i1; a1; :::; in; an):
hispart(i; p) = b i� b = ^w where20 w = fa�=9r � n : hi; a�i = hir; arig:

A plan is feasible if all its `atomic' actions aa can be performed by `their' cor-
responding actor a� (D5-b-1), if in each step of parallel execution both parallel
actions are compatible (D5-b-2), and if in each sequential step the `later' action
presupposes the `earlier' one (D5-b-3). Obviously, if, for all � � n, f contains a
constituent [�] then feas(hf; i1; a1; :::; in; an)i implies can(i�; a�), for all � � n.

An interpretation I = h 1;  2i of L in a structure x allowing for plan based
joint intentions consists of two surjective mappings  : Vari ! J and  0 :
Var2 :! A. This induces a mapping I1 assigning to each plan expression e =
hf; �1; �1; :::; �n; �ni a corresponding formal plan

I1(e) = hf;  1(�1);  2(�1); :::;  1(�n);  2(�n)i.

Finally, validity of formulas � in x under I (x j=I �) is de�ned as follows.

20^w denotes the in�mum of w with respect to �, Sec D4-4 above.
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(1) if u; v are variables of sort j, j = 1; 2, then x j=I � i� a and v are of the
same sort and, depending on the sort, their  j-values are identical (j = 1,2)

(2) x j=I can(�; �) i� can( i(�);  2(�)), x j=I com(�; �0) i� com( 2(�);  2(�
0)),

x j=I pres(�; �
0) i� pres( 2(�);  2(�

0)), x j=I int(�; �)) i� int( 1(�);  2(�))
(3) x j=I feas(e) i� feas(I1(e))
(4) x j=I precon(�;�

0) i� precon(�;�0)
(5) the usual conditions for ^;_;:;!;$; 9u	(u) and 8u	(u)
(6) x j=I bel(�;�) i� bel( 1(�);�).

Note that as a consequence of our particular way of dealing with sentences in
clauses (4) and (6) the formulas �;�0 occur on both sides. The `interpretation'
of a formula is that very formula. After these formal preparations we now come
back to joint intentions.

4. Models of Plan-Based Joint Intentions

Consider the following assumptions on belief and precondition.

(A1) bel(i;� ^ �0)$ bel(i;�) ^ bel(i;�0)
(A2) bel(i;�)$ bel(i; bel(i;�))
(A3) bel(i; bel(j;� ^ �0))$ bel(i; belj(�) ^ bel(j;�

0))
(A4) For all I; x, if valI(x;�$ �0) then, for all �00:

valI(x; precon(�;�
00)$ precon(�;�00)).

(A1) and (A2) are present, for instance, in the modal system21 S4, (A3) is a natu-
ral `lift' of (A1), which would follow from (A1) if i would believe bel(j;�^�0))$
bel(j;�) ^ bel(j;�0) under the commonly accepted rule

(A5) bel(i;�) ^ bel(i;�! �0)! bel(i;�0).22

(A4) links precondition to logical implication: equivalent propositions are equiv-
alent as preconditions.

In the following lemmas we restrict our presentation to the simplest case of
just two persons: i; j. If in mutual belief more than two iterations are consid-
ered then (A1) - (A3) have to be supplemented by corresponding assumptions for
higher levels in order to preserve the following results. The lemmas are formulat-
ed with respect to a given structure x = hJ;A; S;B;�;:; k; ; ; bel; int; can; pres,
com; preconi allowing for plan-based joint intentions, and a �xed subset I � J .

Lemma 1. If (A1) and (A2) hold in x then, for all � 2 S and i 2 I,
if bel(i;mubel(I;�)) then bel(i;�).

The proofs of the lemmas and the theorem of this section are given in the ap-
pendix.

Lemma 2. If (A1), (A2), and (A4) hold in x then, for all �;�0 2 S, the
following are equivalent:

21Compare, for instance, (Chellas 1980).
22Sec, e.g. (Cohen and Levesque 1990), p. 231.
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(i) precon([bel(i;mubel(I;�)) ^ bel(i;�)];�0)
(ii) precon(bel(i;mubel(I;�));�0).

Lemma 3. If (A1), (A2), and (A3) hold in x then, for all �;�0 2 S:
mubel(I;� ^ �0)$ mubel(I;�) ^mubel(I;�0).

Lemma 4. If (A1) and (A2) hold in x then for all I; p; k: we-intends(k; p; I) i�

(1) int(k; hispart(k; p)) and
(2) bel(k;mubel(I; feas(p))).

We now consider a postulate with more far-reaching implications.

(P1) For all k 2 I and a 2 A: bel(k; int(k; a))! int(k; a).

(P1) says that individual k's belief about her intentions is correct. Though re-
quiring a certain amount of rationality, this postulate is `empirically' rnuch
weaker than other assumptions used in modal logics, like for instance the basic
postulate `bel(k;�), for every valid sentence �'. For later reference, we also state

(P2) For all k 2 I and a 2 A: int(k; a)! bel(k; int(k; a)).

Lemma 5. If (A1) - (A4) and (P1) hold in x and p satis�es JI�-1 then
mubel(I; 8k 2 I(we-intends(k; p; I))) implies 8k 2 I(we-intends(k; p; I)):

That is, mutual belief in we-intentions for all members already implies that such
we-intentions are present.

Putting together these propositions we obtain the following, simpler characteri-
zation of plan-based joint intention.

Theorem 1. Let x = hJ;A; S;B;�;:; k; ; ; bel; int; can; pres; com; preconi be a
structure allowing for plan-based joint intentions which satis�es (A1) - (A4)
and (P1), and let p 2 B.

(a) In x; i1:::; in have the plan-based joint intention to perform p i�
(1) for all i: i 2 I $ hi; pi 2 Dom(hispart)
(2) mubel(I; 8k 2 I(we� intends(k; p; I)))
(3) 8k 2 I(precon(bel(k;mubel(I; feas(p))); int(k; hispart(k; p)))); where,

for all k 2 I; we-intends(k; p; I) holds i�
(a) int(k; hispart(k; p))
(b) bel(k;mubel(I; feas(p)))
(c) precon(bel(k;mubel(I; feas(p))); int(k; hispart(k; p))):

(b) Condition (2) in (a) is equivalent to the conjunction of the following two
clauses:

(JI1) mubel(I; 8k(int(k; hispart(k; p))))^
(JI2) mubel(I; 8k(bel(k;mubel(I; feas(p))))).

In T1-b the we-intentions have been `calculated' with the e�ect that mutual
beliefs prevail. For a joint intention to exist there have to be mutual beliefs
about (1) everybody's intending to do his part of the joint action, (2) every-
body's believing that the joint action opportunities obtain, and (3) everybody's
having his belief in the mutual belief that the joint action opportunities obtain
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as a precondition of his intention to do his part. Condition (3) of Tl-a may be
further analyzed as follows.

Lemma 6. If (A1)-(A5) and for all �;�0;�1: precon(�;�1)^precon(�
0;�0)$

precon(� ^ �0) holds in x, if I = fi; jg, and if f stand for `feas(p)' and hk
for `int(k; hispart(k; p))', respectively, then the expression

(��) 8k 2 I: precon(bel(k;mubel(I; f)); hk)

is equivalent to the conjunction of the following

(4) precon(bj ; f; hj) (5) precon(bji; f; hj) (6) precon(bjij ; f; hj)
(1) precon(b; f; hi) (2) precon(bij ; f; hi) (3) precon(biji; f; hi)

Now in a �nal step we de�ne models in which a plan-based joint intention ex-
ists for the members of a subset I of individuals. We consider a possibly larger
system of individuals (a structure x allowing for plan-based joint intentions),
in which there is a distinguished subset I of persons which jointly intend. The
joint intention for members of I involves three assumptions which must hold
in a structure x allowing for plan-based joint intentions. First, we assume that
requirements (A1) - (A4) and (P1) hold. Second, we assume that there is a joint
plan p, a plan involving more than one individual (D6-2 below), and third, we
state the conditions of Theorem 1 to de�ne that the members of I with respect
to the joint plan p have the joint intention to perform p.

D6 x is a model with joint intention for I i� there exist J;A; S;B;�;:;
k; ; ; bel; int; can; pres; com; precon such that
x = hJ;A; S;B;�;:; k; ; ; bel; int; can; pres; com; preconi is a structure allow-
ing for plan-based joint intentions and there exists a formal plan p 2 B such
that

(1) assumptions (A1) - (A4) and (P1) above are satis�ed
(2) hispart(�; p) is de�ned for at least two individuals and for all k 2 J :

hk; pi 2 Dom(hispart)$ k 2 I
(J1) mubel(I; 8k 2 I(int(k; hispart(k; p))))
(J2) mubel(I; 8k 2 I(bel(k;mubel(I; feas(p)))))
(J3) 8k 2 I (precon(bel(k;mubel(I; feas(p))); int(k; hispart(k; p)))).

Condition (2) says that p is a joint plan involving exactly the members of I.

5. The Check of Plan-Based Joint Intentions

On the basis of the previous considerations we now can turn to a closer inves-
tigation of how to check whether a plan-based joint intention is present or not.
Our goal here is rather modest and practical. We want to �nd conditions which
in applications { for instance on the computer { have to be checked in order
to conclude that a joint intention is present. These conditions are not su�cient
for joint intentions. They are su�cient only if further assumptions can be taken
for granted. We aim at �nding such `other' assumptions which, in an `ordinary'
situation may be assumed to hold, and which therefore in applications may be
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given default values. As there are rnany di�erent possibilities of how a joint in-
tention may develop we concentrate on one ideal-type which seems to represent
the simplest case. Other patterns can be analyzed analogously. In the simplest
case there is only one plan which is put forward by one individual, the other
individuals having no plans of their own in the beginning. In this case the build-
up of a joint intention may be{ at least conceptually { broken down into the
following phases.

(1) Plan Formation: One individual develops a joint plan and proposes this to
other individuals of which she thinks they can perform some of the planned
atomic actions occurring in it.

(2) Negotiation: The individuals which learned about the plan negotiate about
which parts to perform or about changing the plan in order to achieve it's goal
in a di�erent way. `Negotiation' actually is not a very adequate label because
this kind of interaction o�en involves dependence relations23 and may range
from `real' negotiation among peers to the exertion of coercion, threat, or brute
force, heavily involving a social, institutionalized background.24 In such social
settings the actors still are autonomous insofar as { ultimately { they cannot
be forced to submit; they may `prefer' to su�er heavy sanctions instead. Ne-
gotiation does not imply that the plan is accepted. Rather, from each person's
point of view negotiation is part of the process of deliberation of whether to
engage in the plan or not.25 The result of this phase is that each of the persons
has the plan and hispart of the plan clearly before her eyes. Although in reality
there may be di�erences of perception we may assume for the present analysis
that all persons at the end of this phase think about the same plan, and have
consistent ideas about their individual parts. This marks { at least conceptually
{ the beginning of the phase of the build-up of a plan-based joint intention in
which we are interested here.

(3) Build-Up of a joint intention: In this phase the mere idea of the plan which
circulated on the cognitive level before must lead to changes of individual beliefs
and intentions which, if `successful', amount to the build-up of a joint intention.
D6 teils us what is the result of the process. According to D6-J2 the individuals
must come to believe that the plan is feasible, and that all others believe so,
resulting in a mutual belief in the plan's feasibility. Second, according to D6-
J1 everybody must form the intention to perform his part of the plan and the
belief that everybody eise has formed such an intention, so that mutual belief
about these intentions results. Third, according to D6-J3 everybody's intention
to perform his part must in part be due to the mutual belief in the plan's being
feasible. Of course, this is the idealized picture, but we believe that the com-
plicated structure made explicit may well serve as a basis for less complete but
more practical accounts of how the presence of a joint intention is, or can be
checked. We may imagine that the build-up whose result we have clearly before

23See (Castelfranchi, Miceli and Cesta 1992).
24Compare (Balzer 1990) and (Balzer 1993).
25This holds at least when engagement is not coerced.
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us admits of degrees, and that for each individual there is a threshold beyond
which the individual may be said to have su�cient beliefs and intentions to be
ready to accept the plan.

(4) Agreement : When all individuals have passed their threshold they can agree
to perform the plan jointly. Of course, there are many forms of agreement, in
particular there are cases in which not all the individuals reach their threshold
but nevertheless the plan's execution is started.26 The individuals agree explic-
itly or { in dependence of appropriate social rules operating in the background
{ implicitly to take part in the joint action. Each individual accepts the plan
and we-intends to perform the joint action as planned. The build-up of their
plan based joint intention is completed, and they can proceed to phase.

(5) Implementation: which is of no concern to us here.

Let us look more closely on phase (3) in the light of conditions (J1) to (J3) of
D5. Again, we restrict ourselves to the case of just two individuals I = fi; jg,
and we abbreviate bel(k;w) by bkw, bel(k; bel(j; w)) by bkjw etc. Writing out
mubel in each condition and applying (A1) and (A2) we obtain conjunctions of
expressions beginning with strings of belief operators: bibjbiw (that is, bijiw)
etc. We want to Sec which of these conjuncts are really important, and how
conjuncts from the di�erent clauses (J1 ) - (J3) are related to each other. Thus
we are not concerned with logical transformations but with the rather practical
problem of obtaining a set of individual beliefs which under plausible conditions
are su�cient for the existence of a joint intention. We proceed in two steps, �rst
looking at each of clauses (J1) - (J3) in isolation, and then study the relations
of conjuncts `across' (J1) - (J3).

To deal with (J1) let us write hi for int(i; hispart(i; p)), eliminate mubel,
and apply (A1). We end up with a conjunction of the following clauses

bihi; bjhi; biihi; bijhi; bjihi; bjjhi; bihj ; bjhj ; biihj ; bijhj ; bihj ; bjjhj .

Repeated indices can be dropped by (A2), so, eliminating repetitions, we remain
for one individual, say i, with the following:

(1) bihi (2) bihj (3) bijhi (4) bijhj

Obviously, these propositions decrease in importance from left to right. So it is
natural to check whether (1) { (4) hold in just this order. An arbitrary member
i of I will �rst check whether he intends to do his part, and believes so (1),
only then he will look at j and check whether j intends to do his part, that is,
check (2). And only after this is done i will turn to (3) and (4). This procedure
is represented in Fig.1.

26This is stressed in (Tuomela 1995).
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Fig. 1 An order of checks

At node (1), i checks whether bihi. If this does not hold we come in the `no'-
branch; i has no intention to do his part because if he had he would believe so
(by P2). This means that i does not want to take part in the joint action at
all, and the joint intention fails. If bjhi holds we follow the `yes'-branch to node
(2) which is checked next. If bihj does not hold then i does not believe that
j intends to do his part, and no joint intention is developing. If bihj holds we
come to the next node, at which (3) and then (4) are checked.

Now in the check of (3) we can assume that bihj and bihj both hold, for
otherwise this Checkpoint would not have been reached. Suppose (3) would not
hold, that is, not: bijhi. i might not believe that bjhi, that is, i might doubt
whether j believes that he, i, will do his part. However, in the present case
where bihi is already established i may feel that he will be able to change j's
belief in this respect, and make j believe that he, i, really intends to do his
part. Moreover, i has already come to believe that j intends to do her part; so
the issue of i's believing bjhi or not is not of major importance anyway. This
suggests to assume bijhi by default, and to introduce a corresponding rule

(R1) If bihi ^ bijhi
27 then bijhi.

Note that if i is in doubt about hj , that is, if bihj is not present in i's knowledge
base, consideration of bjhi may make a di�erence. If in this case i also fails
to believe bjhi there is little hope for joint intention. We think, however, that
clause (2) really has priority in the order of checks so that doubt about (2)
cannot be overruled by (3). (4) �nally may be reduced to clause (2), bihj , on
the assumption on i's side that j is `normal' in believing what he intends. Then
hj will lead to bjhj , and this, via A5 and bihj to bijhj . A corresponding rule
would be

(R2) If bjhj and bihj then bijhj .

Note that, in contrast to (R1), this rule requires access to j knowledge base.
Its application is not under the complete control of i. Rather, the premiss bjhj
must be `inferred' or obtained in some other way by i.

Two special cases may be noted. First, when i is the person who originally

27This rule is informally contained in the participants' agreement to accept and carry out
a joint plan.
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proposes the plan then i will from the beginning intend to do his part. In this
case the check of (1) can be omitted, and we may pass on to (2) immediately.
In the second case, j is the person who proposed the plan. In this case it may
be assumed by default that hj holds and also that bihj holds. That is, in (2) no
check is necessary. If (2) is reached we may pass on directly to (3).

Next look at (J2). We write f for feas(p), and we assume that all iterated
versions of (A1) - (A3) hold, that is, beliefs distribute under ^, and `double'
beliefs of a person contract to `single' ones. X-ing out (J2), omitting repetitions,
and stating only beliefs of i (there is perfect symmetry in i and j) yields a
conjunction of the following

(5) bjf (6) bijf (7) bijif (8) bijijf (9) bijijif

As before, the order from (5) to (9) seems to be most natural (see Fig. 2.)
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Fig. 2 An order of checks

Person i will �rst try to get clear about p's feasibility (f) herself, and check at
node (5). If i fails to come to establish bif then i will have no interest in executing
p and no joint intention including i will arise. Only if bif is established i will go
on (through the yes-branche Fig. 2) to node (6) and check whether j believes in
f . If this check has a positive result, bijf , the person may pass on to (7), (8),
(9). (7) may be read as stating that j has a correct perception of i's belief (from
�i's perspective). Though i might believe that j has a wrong perception here,
it is not easy to see how this might a�ect both persons' `basic' beliefs that p is
feasible which already are established by (5) and (6). This suggests to assume
(7) by default. What can happen in (8) is that i may be wrong in believing that
j has the right perception of him as far as f is concerned. Again, it is di�cult
to see how this could a�ect the established, `basic' beliefs in p's being feasible,
and we may assume that (8) also holds by default. And, having become tired
by (7) and (8), we assume so for (9).

Things get more complicated if the check at node (6) has a negative result,
that is, if i does not believe that bjf . If j does not believe p to be feasible
(and i believes this) j is unlikely to participate in the joint action. i's clear cut
reaction would be to eliminate j which, in our idealized setting means that no
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joint intention will build up. However, there may be inconsistencies here with the
data about intentions. Under J1 bihj may have been established, so i believes
that j intends to do her part. This is in conict with, say, bi(:bjf). If intentions
are primary with respect to beliefs we could apply the rule

(R3) If bihj then bijf ,

and by this overrule the presence of bi(:bjf). But beliefs come in degrees, and
bihj may have a small degree in contrast to bi(:bjf). In general, therefore, it may
not be good to apply rule R3, and there Secms to be no uniquely distinguished
way of proceeding in this case.

Again, the two special cases should be mentioned. If i is the proponent of
the plan then i will believe in f from the beginning, and we may pass from node
(5) to node (6) by default. If j is the person who proposed the plan (6) may
be taken to hold by default (assuming that i knows who proposed the plan). In
any case, a check of (5) and (6) Secms to be su�cient for J2.

Under the assumptions of lemma 6 which are by no means extravagant (J3)
reduces to the six conjuncts stated in Lemma 6. Consider the �rst three of them
which are dealing with individual i.

(10) precon(bif; hi) (11) precon(bijf; hi) (12) precon(bijif; hi).

Again, the order from (10) to (12) seems natural, but now there are di�culties
with the content. If person i wants to get clear about, say, (10) she has to intro-
spect and �nd out how her intention hi did develop, and whether, in particular,
her belief in p's being feasible was a precondition here. We may again draw a
graph like in Fig. 2 above, and have the person running through nodes (10) to
(12). If all nodes yield a positive result, all conditions for joint intention are
satis�ed.

But what if a node fails. What if, say, i by introspection �nds that his
intention hi did not develop `partly because of' bif? Ideally, according to D6
then there is not joint intention. As before, this may conict with other beliefs
whose presence was already established. Suppose that i checked conditions J1.
J2 and J3 in that order. Having arrived at the present stage means that b2h. Has
come out positivdy in the context of J1. That is, i intends to do his part, and
believes this. But now in J3 he recognizes that his intention has developed for
'other' reasons. and not at all `because of' bif and the other beliefs mentioned
in (11) and (12). It seems that in this situation the intention already present
has a much heavier weight than the way it was `caused', and this extends to
clauses (11) and (12) as well. This suggests `overruling' (10) { (12) by the other
beliefs, if these are present. If we stick to the given order it is di�cult to Sec
how a failure of (10 ) - (12) might occur if J1 and J2 have been checked with
positive result, and we propose to assume that (10) to (12) hold by default in
this case, that is, if the conditions are checked in the order followed here, and
J3 is reached after all.

This does not mean that (10) to (12) could be given up as constituents of
the conceptual analysis. If these conditions are not satis�ed then the mutual
beliefs about the plan's feasibility and about others' individual intentions are
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completely irrelevant to the development of each individual's intention to per-
form his part. Though this may perfectly well happen we would not like to speak
of a joint intention in such a case. In real-life applications it is unlikely that all
beliefs required under J1 and J2 will be present, and nonetheless (10) to (12)
be false at the same time. There seems room for further discussion, though.

As an alternative to assuming (10) - (12) by default we might distinguish
between an individual's weak and full we-intention. i fully we-intends only if
conditions (10) - (12) are all satis�ed, otherwise i's we-intention is weak.

Let us turn now to the relations of conjuncts across (J1) - (J3). First, a gen-
eral principle for individual intention is that what is intended must be believed
to be possible. In the present context this principle establishes a link between
the inten tions to do hispart, and the beliefs in the plan's feasibility. Individual
i will intend to do his part only if he believes that p is feasible, and feasibility
is not only a matter of i's part of p. This shows that condition (J2) should
be checked �rst. If beliefs in p's feasibility are not present there is no point in
checking whether the actors intend to do their parts.

Second, we can no longer look at just one person. Assuming that the indi-
viduals can communicate with each other there is the possibility of consistency
check. If, say, i falls to have bijf in his knowledge base he still may try to �nd
out whether bjf by means of communication or other kinds of check. If bjf is
present in j's knowledge base, and if i recognizes this then there is good reason
for i to develop the missing belief bijf and store it in his knowledge base.

A �nal question is about the role of the precondition relation. As this relation
refers to (mutual) beliefs in f and intentions of the form hi there is little reason
to check the preconditions of such beliefs or intentions. That is, only after (J1)
and (J2) have led to su�ciently positive results a check of (J3) can be started.
As just discussed, even if the precondition relations do not hold we may speak
at least of a weak joint intention. Including a check of (J3) therefore may at
best lead to distinguishing between a weak and a full joint intention, given that
(J1) and (J2) came out positively.

Combining these three features into one `full' check for individual i which
now has to take into account also parts of j's analogous procedure we obtain a
process as depicted in Fig. 3. Figure 3 concentrates on individual i and includes
only those parts of j's process which are necessary for a full account on i's side.
As before, the exits from a node may have two values yes or no (indicated by y
and n), corresponding to whether the proposition stated at the node is found in
the individual's knowledge base or not. The diagonal arrows represent `answers'
of j to previous `questions' of i (represented by the two left-right arrows to j's
`side').

Individual i �rst checks whether she and j believe p to be feasible. If the
second check has a negative result, i `asks' j, and in case of a positive result
proceeds to check her intention hi. If the answer is negative horizotal arrow to
the feit leads to ultimate failure n. If bihi is present then next bihj is checked.
Again, in the negative case i `asks' j, and proceeds in case she gets a positive
result. Otherwise, the diagonal arrow to the right indicates ultimate failure.
Next, the preconditions are checked. If all of them hold we arrive at i's full
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we-intention. Otherwise, only a weak we-intention may be stated.
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Fig. 3 Weak and full joint intention

Of course, the `rules' (R1) - (R3) as well as other transitions we termed `plau-
sible' in this discussion cry out for a more systematic treatment in a logical
frame binding together beliefs and intentions. In such a more comprehensive
frame the 'freely oating' modal principles (A1) - (A3) or possibly other, more
appropriate such principles would �nd their natural place. We hope to provide
such a treatment in the future.

Finally, we want to point out { as rightly stated by an anonymous referee {
that the present analysis does not show how the individual beliefs and intentions
necessary for a joint intention come about. Intuitively, the suggestion of a plan
must bring about appropriate changes of the individuals' beliefs and intentions.
We mention two points that are relevant here. First, having the above process
of check in mind a person proposing a plan might try to change other persons'
internal states in the appropriate way and order. This may be feasible in simple
situations. Second, and more realistically, however, it seems that there must be
some 'social glue' which connects the agents in the right way and leads to an
implicit or explicit agreement. Having a joint plan in the full sense is equivalent
to such an agreement.28 When the agents have internalized the concept of agree-
ment they understand that they are obliged to carry out what they have agreed

28This is elaborated in (Tuomela 1995), Chap. 3.
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on: they are committed. This is largely independent of their wants, but they
must have an intention to carry out their parts. Properly accepted agreements
entail intentions for appropriate actions. In the plan-language we can say that
the agents all intend to carry out the plan jointly, and as a `conceptual-causal'
consequence that they intend to perform their parts of the joint action. The
right understanding of the situation has the causal consequence that they form
the intention to do their part (in part) because of the joint intention. The partic-
ipants are jointly committed to carry out the joint action, and each individual is
committed to carry out his part. Thus we can say that each individual's primary
responsibility (and commitment) is to perform his part, whereas his secondary
responsibility is to see to it, jointly with the others, that they indeed perform the
joint action. The secondary commitment is not an intention to perform the joint
action in question but it entails an intention to perform additional contributing
actions when needed. We can thus say that in the full-blown acceptance of a
joint plan the general idea of agreement-making { su�ciently broadly under-
stood { gives the social glue for and explains how the intentions to perform
parts of the joint action come about.
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Appendix

We abbreviate mubel(I; feas(p)) by B and hispart(i; p)) by hi.

Proof of Lemma 1:

Suppose that bel(i;mubel(I;�)) which, by D1 means that bel(i; bel(i;�)^bel(i;
bel(i;�)) ^ :::). By (A1) this implies bel(i; bel(i;�)) ^ :::, from which we obtain
bel(i; bel(i;�)) and so, by (A2), bel(i;�).

Proof of Lemma 2:

By Lemma 1, bel(i;mubel(I;�))! bel(i;�) and so bel(i;mubel(I;�))$ (bel(i;
mubel(I;�)) ^ bel(i;�)), from which the lemma follows immediately by (A4).

Proof of Lemma 3:

This follows by applying (A1) - (A3) to the l.h.s.

Proof of Lemma 4:

By Lemma 1, WI�-2 is implied by WI�-3 and thus may be dropped.

Proof of Lemma 5:

Let I = fi; jg and write hk for `int(k; hispart(k; p))' andB formubel(I; feas(p))'.
By Lemma 4, the de�nition of we-intends(i; p; I) `reduces' to conditions (1) and
(2) as stated in Lemma 4 which we will take for a de�nition of we-intends(i; p; I)
in the following. By D1-1, the assumption implies
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bel(k; 8l 2 I(we-intends(l; p; I))), for all k 2 I, that is,
(1) for all k 2 I: bel(k;we-intends(i; p; I) ^ we-intends(j; p; I)). Now let k 2 I
be given. From (1) and (A1) we obtain: bel(k;we-intends(i; p; I)) ^ bel(k;we-
intends(j; p; I))), which, by the de�nition of we-intends(i; p; I) (Lemma 4) yields:
bel(k; hi ^ bel(i; B)) ^ bel(k; hj ^ bel(j; B)). By A1 this yields
(2) bel(k; hi) ^ bel(k; bel(i; B)) ^ bel(k; hj) ^ bel(k; bel(j; B)).

Without loss of generality suppose that k = i. Then (2) yields
(i) bel(k; hk) and (ii) bel(k; bel(k;B)).
From (i), the de�nition of hk, and P1 we obtain:
(3) hk, that is, int(k; hispart(k; p)). From (ii) and (A2) we obtain
(4) bel(k;B). Now (3) and (4) in terms of Lemma 4 just say that we-intends(k; p; I).
As k was arbitrary, we have proved: 8k 2 I(we-intends(k; p; I)).

Proof of Theorem 1:

(a) By Lemma 5, JI�-3 can be dropped, by Lemma 1, WI�-2 can be dropped,
and by Lemma 2, is equivalent to clause (3) in T1-a.
(b) mubel(I; 8k 2 I(we-intends(k; p; I))) i� (by Lemma 3)
8k 2 I(mubel(I; (we-intends(k; p; I))) i� (by the de�nition of mubel)
8k 2 I(mubel(I; (hk ^ bel(k;B)))) i� (by Lemma 3)
8k 2 I(mubel(I; hk) ^mubel(k; bel(k;B))) i� (by logics)
8k 2 I(mubel(I; hk) ^ 8k 2 I(mubel(I; bel(k;B)))) i� (by Lemma 3)
mubel(I; 8ihi)^mubel(I; 8i 2 I(bel(i; B))). These are just the two clauses stat-
ed in T1-b.

Proof of Lemma 6: (0) by D1 is equivalent to
8k 2 I: precon((bk(bif ^ bjif ^ bijf ^ bijf ^ ::::)); hk), and this, by A1 and A4,
with
8k 2 I: precon((bkif ^ bkiif ^ bkiif ^ :::); hk), which by (�) is equivalent to
8k 2 I: precon(bkif; hk)^ precon(bkjf; hk)^ :::^ precon(bkjjf; hk). Setting k to
i and j yields the following

(18) precon(bjjjf; hj)(17) precon(bjjif; hi)(16) precon(bjijf; hi)

(9) precon(biiif; hi(8) precon(bijf; hi)(7) precon(biif; hi)
(12) precon(bijjf; hi)(11) precon(bijif; hi)(10) precon(biij ; hi)
(15) precon(bjiif; hj)(14) precon(bjjf; hj)(13) precon(bjif; hj)

Now by A1, biif $ bif , so by A4: precon(biif; hi) $ precon(bif; hi). By the
same argument clause (9) reduces to (7), and may be omitted. Similarly, clause
(18) reduces to (14), and this, in turn, to precon(bjf; hj).

By A2, biijf $ bijf , so by A4, (10) reduces to precon(bijf; hi) which is
the same as (8) and thus may be omitted. By A2, bjjf $ bjf , so by A5:
bi(bjjf) $ bi(bjf), and with A4 (12) reduces to precon(bijf; hi) which, being
identical with (8), also may be dropped. In a similar way (15) and (17) reduce
to (13), and may be dropped. The remaining list of conjuncts contains exactly
(1) - (6).
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